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Abstract. In this paper we will prove a maximum principle for the solutions of linear 
parabolic equation on complete non-compact manifolds with a time varying metric. We will 
prove the convergence of the Neumann Green function of the conjugate heat equation for 
the Ricci flow in B^ x (0, T) to the minimal fundamental solution of the conjugate heat 
equation as k — > oo. We will prove the uniqueness of the fundamental solution under some 
exponential decay assumption on the fundamental solution. We will also give a detail proof of 
the convergence of the fundamental solutions of the conjugate heat equation for a sequence of 
pointed Ricci flow (M& x (—a, 0], x^, gk) to the fundamental solution of the limit manifold as 
k —> oo which was used without proof by Perelman in his proof of the pseudolocality theorem 
for Ricci flow [P] . 



Maximum principle for the heat equation on complete non-compact manifold with a 
fixed metric was proved by P. Li, L. Karp [LK] and J. Wang [W] (cf. [CLN]). Maximum 
principle for parabolic equations on complete non-compact manifold with a metric with 
uniformly bounded Riemannian curvature and evolving by the Ricci flow, 

l 9ij = -2R l3 (0.1) 

was proved by W.X. Shi [SI], [S2], [S3] under either a uniform boundedness condition on the 
solution or some structural conditions on the parabolic equation or positivity assumption 
on the Riemannian curvature operator. 
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Let M be a non-compact manifold with a time varying metric g(t) = (gij(t)), < t < T, 
such that for any < t < T (M,g(t)) is a complete non-compact manifold. Let xq be a 
fixed point of M. In this paper we will prove the maximum principle for the subsolution 
of the linear parabolic equation, 

u t = Au + a- Vu + bu in M x (0, T) (0.2) 

under the condition 

/ / u 2 + (x,t)e- Xrtixo > x)2 dV t dt< oo (0.3) 

Jo Jm 

for some constant A > 0, vector field o(-, t), <t <T, and function 6(x, t) on M x [0, T) 

where u + = max(«, 0) and r t (xo,x) is the distance between xq and a; with respect to the 

metric gijit). 

In [CTY] A. Chau, L.F. Tarn and C. Yu proved the existence of minimal fundamental 
solution of the conjugate heat equation of Ricci flow on any n-dimensional non-compact 
complete manifold, n > 3, by approximating it by a monotone increasing sequence of 
Dirichlet Green functions of the conjugate heat equation of Ricci flow in bounded domains. 
In this paper we will show that their argument can be modified to work for any n > 2. 
We will prove that the Neumann Green functions of the conjugate heat equation of Ricci 
flow in bounded domains will also converge to the minimal fundamental solution of the 
conjugate heat equation of [CTY] for any n > 2. 

We will prove the uniqueness of the fundamental solution of the conjugate heat equation 
under some exponential decay assumption on the fundamental solution. We will also give a 
detail proof of the convergence of the fundamental solutions of the conjugate heat equation 
for a sequence of pointed Ricci flow (M& x (—a, 0], Xk, gu) to the fundamental solution of 
the limit manifold as k — > oo which was used without proof by Perelman in his proof of 
the pseudolocality theorem for Ricci flow [P]. 

We start will some definitions. Let xq G M and let r(x, y) = ro(x, y), r*(x) = r t (xo, x), 
r(x) = r(xo, x) = ro(x$, x). Let V f and A* be the covariant derivative and Laplacian with 
respect to the metric g(t). When there is no ambiguity, we will drop the superscript and 
write V, A, for V*, A*, respectively. For any R > 0, y G M, let B l R (y) = B g ^(y,R) 
be the geodesic ball with center y and radius R with respect to the metric g(t) and let 
Br — B r (xq). Let dVt, dV, be the volume element with respect to the metric g(t) and 
g(0) respectively and let V x (r) = Vo\ g ( }(B r (x)). 

Section 1 

Theorem 1.1. Let M be a non-compact manifold with a time varying metric g(t) = 
{gijit)), < t < T, such that for any < t < T (M,g(t)) is a complete non-compact 
manifold. Let a(-,t), < t < T, be a vector field on M which satisfies 



sup \a\ < ot\ (1-1) 

Mx[0,T) 



and let be L°°(M x [0,T)) such that 



sup |6| < a 2 (1.2) 

Mx[0,T) 
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for some constants ct\ > 0, «2 > 0. Suppose g(t) satisfies 



-a 3 9ij < ^ff < <*39ij tnMx (0, T) 



(1.3) 



for some constant as > and u G C(M x [0, T)) fl C 2,1 (M x (0, T)) is a subsolution of 
(0.2) satisfying (0.3) for some constant A > and 



u(x,0)<0 VxeM. 



(1.4) 



Then 



u(x,t) < onM x [0,T). 



(1.5) 



Proof. We will use a modification of the proof in [EH] , [LK] , [NT] and [W] to prove the 
theorem. Let xq E M, rt(x) = rt(xo,x), r(x) = ro(x), and 



h(x,t) 



r(x)' 



4(2?/ -t) 



Vx G M, < £ < r/ 



for some constant < rj < (log(9/8))/a:3 to be determined later. Then h satisfies 



ht + \V°h\ 2 g{0) =0 inMx[0,r/]. 



(1.6) 



Choose a smooth function 0:R— ► M, < < 1, such that </>(x) = 1 for all a; < 0, (p(x) = 
for all x > 1 and —2 < (f)'(x) < for any a;El. For any R>1, let (J)r{x) = <fi{r(x) — R). 
Then |V o 0fl| s (o) < 2 on M. Now by (1.3), 



-a 3 t 



<7(0) < g(t) < e^g(0) 



in M x [0, T) 



e -a 3 t0-i( O ) < g- 1 ^) < e a3 *0 _1 (O) in M x [0, T) 
e~ a3T/2 r(x) < r t (x) < e azT/2 r(x) Vx6M,0<t<T 



(1.7) 

(1.8) 



and 



#_ 
^ 



W) 



<^ t 



in M V0< £ < T 



e"— T F S < e/V t < ei T dV s in M V0 < s, t < T. 



(1.9) 



Hence |VVi?l < 2e aaT / 2 on M x [0,T). By (1.6) and (1.7), 



/i t + e- a3?7 |V/i| 2 <0 inMx[0,r/]. 



(1.10) 



Then by (0.2), (1.9) and (1.10), 



d_ 
di 



[ <p 2 R e h u 2 + dV t ) 

JM J 

= [ <p 2 R e h h t u 2 + dV t + 2 [ <j> 2 R e h u + u t dV t + [ (j> R e h u\ %-(dV t ) 

JM JM JM Ut 

< / (p 2 R e h h t u 2 + dV t + 2 / <f>%e h u+AudV t + 2 / (p 2 R e h u+a -VudV t + 2 

JM JM JM 

L JM 

f (f) 2 R e h \Vh\ 2 u\dV t -2 I <p 2 R e h \Vu + \ 2 dV t - 2 I (f) 2 R e h u + Vh -Vu + dV t 

JM ' JM JM 



\e h bu\ dV t 



< - e~ a3V 



-A I 4> R e n u + V(j)R-Vu + dVt + 2a 1 4> R e n u + \Vu + \ dV t 

' M JM 



(.2 „h„ 



+ [2a 2 + 



nas 



) [ <\>\e h u\dV t 

J JM 



V0 < t < 77. 



(1.11) 



Now V0 < t < r/, 



(.2 Ji 



R e n u+Vh ■ Vu+ dV t 



M 



<e" Q3?7 
<e- ,,, 



/ (j) 2 R e h \Vh\ 2 u 2 + dV t + e a3ri f (j) 2 R e h \Vu + \ 2 dV t 

JM ' JM 

* [ cj> 2 R e h \Wh\ 2 uldV t +l [ <p 2 R e h \Vu+\ 2 dV t 

JM ° JM 



U 

(1.12) 



(j) R e h u+V(j) R ■ Vw + dV t 



M 



<l I (f> R e h \Vu + \ 2 dV t + 8 f e h \V(j> R \ 2 u 2 + dV t 

* JM JM 



< 



f R e h \Vu+\ 2 dV t + 32e a3T 



M 



Br+i\B r 



e h u\ dV t 



(1.13) 



and 



2«i 



& Ji 



R e n u + \Vu + \dV t 



M 



-7 / ^e /l |Vw+| 2 rfV t + 4a? / ^e^uj. dK t . (1.14) 



By (1.11), (1.12), (1.13) and (1.14), 

<-\ I (j> 2 R e h \Vu + \ 2 dV t + d f <p 2 R e h u 2 + dV t + 32e a:iT f e h u\dV t 

° Jm Jm Jb r+1 \b r 

=► I ( e_cit S M ^ ehu2+ dVt ) +e ~^~L ^ e " |vw+|2 dVt 

a 3 T I „h„.2 



<32e a3i / e n u%dV t VO < t < rj 

Br+i\B r 



e 



-c lV r t 



Cit / J.2 fl h„2 ji/. , f / / ^^ir,,,,^ 



Jm 8 Jo Jm 

<32e aaT / / e^dV^dt VO < t < rj (1.15) 

Jo Jb r+1 \b r 

where Ci = 2a 2 + 4a? + (na 3 /2). By (0.3) and (1.8), 

/ [ u 2 + (x,t)e- Xir{x)2 dV t dt<oo (1.16) 

Jo ^M 

where Ai = Ae a3T . We now choose r\ = min(l/(8Ai), (log(9/8))/a3). Then 

h(x, t) < -Air(x) 2 VxeM,0<Kfj. (1.17) 

By (1.16) and (1.17), 

/ / e h u\{x,t)dV t dt <oo. (1.18) 

Jo Jm 

Letting i? — »■ oo in (1.15), by (1.18) we get 

e" Clt / e h u\ dV t + - — — I I e h \Vu + \ 2 dV t dt = Vc G M, < t < min(T, 77) 
Jm 8 Jo Jm 

=*► u + (x,t) = Vr G M,0 < t < mm(T,rj). 

If T < 77, we are done. If T > rj, we repeat the above argument a finite number of times 
and the theorem follows. 

Corollary 1.2. (Lemma 6.2 of [CTY]^ Let (M,g(t)) be a complete solution of the Ricci 
flow (0.1) in (0,T) with 

\Rm\<k onMx[0,T) (1.19) 

for some constant k > 0. Let u G C(M x [0, T)) n C 2 ' 1 ^ x (0, T)) satts/j/ 

Au>u t inM x (0, T) 
and f0.3), (-Mj> / or some constant A > 0. Then u satisfies (1.5). 
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Corollary 1.3. Let (M,g(t)) with < t < T, a, b and as be as given in Theorem 1.1. 
Suppose (1.19) holds for some constant k >0. Let u E L°°(M x [0,T))nC(M x [0,T)) n 
C 2 ^{M x (0,T)) be a subsolution of (0.2) in M x (0,T) which satisfies (1.4). Then u 
satisfies (1.5). 

Proof. By the proof of Theorem 1.1 u satisfies (1.8). By the volume comparison theorem 
[C], there exist constants c\ > 0, c^ > such that for any A > 0, R > 0, 



T 



pi p pi pOO 

/ / u 2 + (x,t)e- Xrt{x »' x)2 dVtdt^aWuWlc / / e C2r ~ Xe ~ a3Tr2 drdt< 00. 
Jo Jb r Jo Jo 

Letting R — > 00, we get (0.3). Thus the corollary follows from Theorem 1.1. 

Theorem 1.4. Let M be a n-dimensional non-compact manifold, n > 2, such that 
(M,g(t)) is a complete solution of the backward Ricci flow 

0J.9H = 2 % (1-20) 

in [0, T] which satisfies (1.19) for some constant ko > 0. Let Z(x,t;y,s), x, y G M, 
< s < t <T , be the minimal fundamental solution of the forward conjugate heat equation 
inM x (s,T\. That is Z(-, --y, s) satisfies (cf [CTY]J 

d t u = Au-Ru inMx(s,T] (1.21) 

with 

]imZ(x,t',y,s) = 6 y (x). (1.22) 

For any k G Z + , let Zk = Zk(x, t; y,s), x,y G M, < s < t < T , be the Neumann Green 
function of the forward conjugate heat equation which satisfies 

( d t Z k = AZ k - RZ k m B k x (s, T] 

^ = ondB k x(s,T} (1.23) 

lim Z k (x,t;y, s) = S y (x) 
t\s 

where d/dv is the derviative with respect to the unit outward normal on dB k x (s, T] and 
B k = B k (xo) for some fix point xq G M . Then Z k (x, t; y, s) converges uniformly on every 
compact subset of M x (s, T] to Z(x, t;y,s) as k — >• 00. 

Proof. By (1.20) and (1.23), 

/ Z k (x,t;y,s)dV t (x)= AZ k (x, t; y, s) dV t (x) = V0 < s < t < T, k G Z+ 

J Bk J Bk 

I Z k {x,t;y,s)dVt{x) = lim / Z k (x, t'; y,s) dV t (x) = 1 V0 < s < t < T, k G Z+ 
•/Bfc t'^JBk M 2- 
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(1.24) 



Let R > 1 and fix (y, s) G M x [0,T). By (1.19) and (1.20), (1.7) and (1.9) holds with 
ct3 = 2(n — l)/co- Let G k (x,t; y, s) be the Dirichlet Green function of (1.21) in M x (0, T). 
We now divide the proof into two cases. 
Case 1: n > 3 

By (1.7), (1.9), (1.24), and Lemma 3.1 of [CTY], there exists a constant C\ > such 
that for any s < t\ < T, k > 3R, 

Z k {x,t;y,s) < 2 ) I I Z k (z,t;y,s)dV (z)dt 

riV x (n) Jt-4rfJB 2ri (x) 

<^-. 1 / / Z fc ( 2 ,t ;? /, s )rfX4(z)rft 

rf min z6BH F 2 (n) J t _4 r 2 J M 

4c; - 

<— 777"^ Vx G S fl , ti < t < T 

where r\ = min(l/2, \ft[ — s/4). Hence the sequence {-2^(-, •; y, s)} are uniformly bounded 
on £?^ x [ti, T] for any s < t\ < T, /c > 3R. By (1.23) and the parabolic Schauder estimates 
[LSU] the sequence {Z k } is uniformly bounded in C 2, P(Br x [£i,T]) for some (3 G (0, 1) 
for any s < t\ < T, k > 3R. 

Let {ki}°^ 1 be a sequence of positive integers such that ki — *■ oo as z — ► oo. Then by the 
Ascoli Theorem and a diagonalization argument the sequence {Z k .}°^ 1 has a subsequence 
which we may assume without loss of generality to be the sequence itself which converges 
uniformly on every compact subset of M x (s,T] to some solution Z(-,-;y,s) of (1.21) in 
M x (s, T] as fc -»• oo. 

By the construction of Z (x, t; y, s) in [CTY] G k increases monotonically to Z as k — ► oo. 
Let < s < £ < T. By the maximum principle, 

G ki (x, t; y, s) < Z ki (x, t;y,s) \fx, y G B ki , < s < t < T, i G Z+ 

(1.25) 

=>- Z(x, t; y, s) < Z(x, t; y, s) Vx, y G M, < s < t <T as z ^ oo. 

(1.26) 

By (1.24) and (1.25), V0 < s < t < T, 

/ G ki {x,t;y,s)dV t {x)< I Z k .(x, t; y, s) dV t {x) < 1 \/k t > R > 1 

J Br J Br 

=>- / Z(x,t; y,s) dVt(x) < / Z(x,t; y, s) dVt(x) < 1 Vi? > 1 as z — ► oo 

J Br J B jj 

=»• / Z(x, t; y, s) dV t (x) < / Z(x,t; y,s) dV t (x) < 1 as R -> oo (1.27) 

By Lemma 5.1 of [CTY], 

/ Z(x,t;zy,s)rfVt(x) = 1 Vty G M, < s < t < T. (1.28) 

Jm 



By (1.26), (1.27), and (1.28), 

/ Z(x,t;y,s)dV t (x) = Z(x, t; y, s) dV t (x) = 1 VyeM,0<s<t<T 

J M JM 

=>• Z(x,t;y,s) = Z(x,t;y,s) Vx, y G M, < s < t < T. 

Since the sequence {ki\ is arbitrary, Zk(x,t,y,s) converges to Z(x,t,y,s) uniformly on 
every compact subset of M x (s,T] as k — > oo. 
Case 2: n = 2 

Let /to be the standard metric on the 2— sphere S 2 with constant scalar curvature 1. 
Then (S 2 , h(t)), h = {h a p), < t < T, with h(t) = (l+t)ho is the solution of the backward 
Ricci flow on S 2 (P.65 of [MT]). Consider the manifold M = M x S 2 with metric g given 
by 9ij = gij, gap = h a p, gi a = g a i = 0. Then (M,g) satisfies the backward Ricci flow on 
[0, T] with uniformly bounded Riemannian curvatures on [0,T]. 

Hence as before there exist constants C 2 > 0, C3 > 0, such that 

^(0) < g(t) < C 2 g(0) inMx[0,T] 

1 _ ( L29 ) 

—dV < dV t < C 3 dV in M x [0, T] 

where dVj is the volume element of M with respect to the metric g(t) and dV = dVo . For 
any x, y G M, a/, j/' G .S 2 , let 

Z k (x,x',t;y,y',s) = Z k (x,t;y,s) V0 < s < t < T. 

Since Z k satisfies (1.21), 

d t Z k = A m Z k - RZ k in B k xS 2 x(s,T). (1.30) 

Then by Lemma 3.1 of [CTY], (1.24), (1.29) and (1.30), there exists a constant C 4 > 
such that for any < s < £1 < T, k > 3R, 

2k(x,x',t;y,y',s) <— ^ — ^— — / / Z k {z,t;y,y' \s) dV(z) dt 

riV(x,x'){ri) Jt-Arl JB 2ri {x,x>) 

<^ — / / Z k (w,t;y,s)dV t (w)dt 

rlV (x ,x')( r l) Jt-Arl JB k 

<- ±— Vx,yeB R ,x',y'eS 2 ,t 1 <t<T 

V(x,x')( r l) 

AC 
=> Z k (x,t;y,s)< J — WxeB R ,h<t<T (1.31) 

mm weB B V ( w ,x')(ri) 

x'es 2 



where r\ = min(l/2, \ft[ — s/4), B2 ri {x,x') is the geodesic ball of radius 1r\ and center 
(x, x') in M with respect to the metric g(0) and Vt x , X ') ( r i) is the volume of £? ri (x, x') with 
respect to the metric (7(0). Hence the sequence {Zk{-, •; y, s)} ( ^ > =l are uniformly bounded 
on B R x [t u T] for any s < U < T, k > 3R. 

By a similar argument the sequence {Gfc(-, •; y, s)}^_ 1 are uniformly bounded on £?# x 
[ti, T] for any s < t\ <T, k > 3R. Then by the same argument as in [CTY], Gt increases 
monotonically to Z as k — ► 00 and Z(x,t;y, s) satisfies (1.28). By (1.28), (1.31), and 
an argument similar to case 1, Zk(x,t;y,s) converges to Z(x,t;y, s) uniformly on every 
compact subset of M x (s, T] as k — ► 00 and the theorem follows. 

Corollary 1.5. Let(M,g(t)), 0<t<T, and Z(x,t',y,s), x,y E M , < s < t <T, be as 
in Theorem 1.4- Suppose Z(x,t;y,s) is a fundamental solution of the forward conjugate 
heat equation which satisfies (1.21), (1.22) and 

Vy G M, max / Z(x, t; y, s) dV t {x) < o{R) VO < s < T as R -> 00, (1.32) 

s<t<T J Br 

then 

Z(x,t',y,s) = Z(x,t;y,s) Vx, y G M, < s < t < T. (1.33) 

Proof. By (1.32) and an argument similar to the proof of Lemma 5.1 of [CTY], 

/ Z(x,t;y,s)dV t (x) = 1 \/y e M, < s < t < T. (1.34) 

Let Gk be as in the proof of Theorem 1.4. By the maximum principle, 

G k (x,t;y,s) <Z(x,t;y,s) Vx, y G S fc ,0 < s < t < T, k G Z+. (1.35) 

Since 2 satisfies (1.28), by (1.34), (1.35) and an argument similar to the proof of Theorem 
1.4 the corollary follows. 

Theorem 1.6. Let (M, g{t)), 0<t<T, and Z(x, t;y, s), x,y G M , < s < t <T, be as 
in Theorem 1.4- Let Z(x,t;y, s) be a fundamental solution of the forward conjugate heat 
equation which satisfies (1.21) and (1.22). Then (1.33) holds if and only if there exist 
constants C > and D > such that 

Z(x,t;y,s)< e -w^y V0<s<t<T. (1.36) 

Vy(Vt-S) 



Proof. The case (1.33) implies (1.36) was proved in [CTY]. Hence we only need to show 
that (1.36) implies (1.33). Suppose there exist constants C > and D > such that 
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(1.36) holds. By the proof of Theorem 1.4 (1.9) holds for some constant a^ > 0. Then by 
(1.9) and (1.36), 

Z(x,t;y,s)dV t (x)< — = =- / e~^^ dV t {x) 

M Vy(y/t- S) J M 

C z" 00 ~ 2 



=c r w«-^//-\ (i.37) 

Jo V t (Jt=7) \D(t-s)J 

Let Vfc (r) be the volume of the geodesic ball of radius r in the space form with constant 
sectional curvature —k . Let 5 = y/t — s and a = (r/y/i — s) + l. By (1.19) and the volume 
comparison theorem [C], 



V y (r) < V^r + y/t^s) < V ko (r + Vt^s) = V k() (aS) = aTl V a , ko {8) 



v v (y/t=J) - v v (Vt=J) - V ko (Vt^) V ko (S) V ko (S) 



<««M2 = Wl>. (1.38) 

v ko (VT) v ko (VT) 



Now 



raVT / i \ n— 1 

^o(«VT) = / ( -/= sinh( v / ^p) J dp < c e ("-i)>AoTa 

=<:7e (n-l)v / ^T( 7 ^ ? + l) 

<Ce C '^fe. (1.39) 

By (1.37), (1.38), and (1.39), 

[ Z(x,t;y,s)dV t (x)<C [ e ~^^ +C ' ^ d( —^ - ) = C T < oo V0 < s < t < T 

Jm Jo \ D (t-s)J 

for some constant Ct > depending on fc an d T. Hence by Corollary 1.5 (1.33) holds. 

Section 2 

In this section we will give a detail proof of the convergence of fundamental solutions 
of conjugate heat equation for Ricci flow which was used without proof by Perelman in 
his proof of the pseudo locality theorem for Ricci flow [P]. 

Theorem 2.1. Let a > and let (M k x (— a, 0],x k ,g k (t)) be a sequence of pointed Ricci 
flow (0.1) where each M k is either a closed manifold or a non-compact manifold with 
bounded curvature such that (M k , g k (t)) is complete for each —a < t < 0. Suppose 

\Rm k \(x,t)<d Vx G B k (x k ,A k ),-a < t < 0,k G Z+ (2.1) 
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for some constant C\ > and sequence {A k }, A k — > oo as fe — »■ oo, and 

(M fc x (-a, 0],x fc , #*.(*)) 

converges in the C°° -sense to some pointed Ricci flow (M x (— a, 0], Xoo,<7oo) as /c ^ oo 
where B k (x k ,A k ) = B gk ^(x k , A k ). That is there exists an exhausting sequence U\ C 
U2 C ■ ■ ■ C M of open sets each containing Xoo and each with compact closure in M and 
diffeomeomorphisms <& k of Uk to open sets V k of M k such that $fc(^oo) = x k Vfc G Z + 
and the pull-back metric 3> k (g k ) converges uniformly to g^ on every compact subset of 
M x (—a, 0] as k — *■ 00. 

7/ufc satisfies the conjugate heat equation, 

u t + A k u - R gk( t)U = (2.2) 

m Mfc x (— a,0) with 

\imu(x, t) = <L. 

where A k = A gk ^, then ^ k (u k ) w;z// converge uniformly on every compact subset of M x 
(— a,0) to toe minimal fundamental solution u of the conjugate heat equation 

u t + A goc{t) u - R goc{ t)U = (2.3) 

0/ (M, fifoo) in M x (—a, 0) u>ito 



]im«(i ) t) = L (2.4) 



as fe — ► 00. 



Proof. For simplicity we will write B r (x), V k , V, dV k \ dV t , for B goa{0) {x, r), Vol 5fc(0 ), 
Vol goo ( ), dl^ fc ( t ), and dV goo M respectively. We also let dV k = dV k °. Note that u k > in 
M k x (-a,0) and ([CTY]f 

/ w fc (y,t)o r 14 t ( ? /) = l V-a<f<0,kZ+. (2.5) 

Since Qfc satisfies (0.1) in M k x (— a, 0], by (2.1) there exists a constant C 2 > 1 such that 

yr9k{x,s) < g k (x,t) < C 2 g k (x,s) \/x G B k (x k ,A k ),-a < s,t < 0, k G Z + 

^ 2 (2-6) 

— dV£(a;) < dVfc(x) < C 2 dV k s (x) Vx G S fc (x fc , A k ), -a < s, t < 0, k G Z+. 

Let rfe(x, y, t) be the geodesic distance between x, y G M^ with respect to the metric g k {t) 
and let r k (x, y) = r k (x, y, 0). Let r(x, y) be the geodesic distance between x,y G M with 
respect to the metric #00 (0). Let R > 1, —a < t\ < t 2 < 0, and let n = min(l/2, y/—t2/A). 
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We choose k[ G Z + such that .Br-^^oo) C U kl and A k > Q^/C^R for all k > k[. Then by 
(2.6), 

1 



^ 



r k {x,y,s) < rk(x,y,t) < \fC 2 r k (x,y, s) Vx,y G B k (x k ,2R),-a < s, t < 0, k > k[. 

(2.7) 



Since .Br (a? 00) x [ti,^] is compact, there exist 



Zi, z 2 , ■ ■ ■ , z m G B R (xoo), si, s 2 , • • • , s m G [ti, t 2 ] 



such that 



2.8) 



Bnixoo) x [ti,t 2 ] C U^iS^i (zj) x [sj,Sj- + r?). 

Let Zj = <&k(zj). Since <3>£(<7fc) converges uniformly to g^ on B 2 r(x 00 ) x [t\, 0] as k — ► 00 
there exists fc 2 > fci such that for any fc > fc 2 , j ' = 1, . . . , m, 



By (2.9), 

By (2.7) and (2.10), 



z. 



Qk(B R ( Xoo )) C B k (x k ,R + (1/2)) 
$ fc (S ri/v ^(^)) C B k (z* tri /y/C 2 
®k{Bn.{zj)) C 5 fc (zf,ri). 

V 2 J 



GS fc (a; fe , J R+(l/2)) Vj = 1, . . . , m, fc > fc 2 



(2.9) 



(2.10) 



B s k (z^C 2 K)cB{(z^r) Vt 1 <s,t<0,k>k' 2 ,j = l,...,m,0<r<r 1 . (2.11) 

'i — ► 00 as z — ► 00. We now divide the proof 



Let {/ci}^! C Z + be a sequence such that ki 
into two cases. 
Case 1: n > 3 



L^ase l: n ^ 6 

By (2.1), (2.2), (2.5), (2.6), (2.7), (2.9), (2.10), (2.11) and an argument similar to the 
proof of Lemma 3.1 of [CTY] and Theorem 3.1 of [KZ] and there exists a constant C3 > 
such that for any x G B k (zj, ri), Sj < £ < Sj + r\ , fc > k' 2 , j = 1, • • • , m, 



u k (x,t) < 



C* 



, Sj +4r? 



< 



r\V k (B k (z),C 2 Vi)) 4- JB k (z^2 ri 

C 2 C 3 [ s i +4r * f 



< 



r\V k {B k {z),C 2 h r x ))Js 3 

4C 2 C 3 

' v n(9 k (o))(B ri/V2 -c^(zj)) 
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^B h {z h 2r x ) 



u k {y,t)dV k {y)dt 
u k (x,t)dV k (y)dt 



(2.12) 



Since ^(g k ) converges uniformly to g^ on -62^(^00) x [ti, 0] as k — »■ 00, there exist /C3 > fc 2 
and a constant C4 > such that 

V n(9 k (o))(B ri/V 2U^(zj)) > C 4 V/c> /C3,j = l,...,m. (2.13) 

By (2.8), (2.9), (2.12) and (2.13), 



AC 2 Q 



3 



^(u fc )(y,t)<— ^ VyeB R (x 00 ),t l <t<t 2 ,k>k' 3 . (2.14) 
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Hence the sequence {^(w*:)}^^ are uniformly bounded on Bn(xoo) x [£1, £2] for any —a < 
t\ < t 2 < 0. Since ^(u k ) satisfies the conjugate heat equation on B^Xoo) x (— «, 0), by 
(2.2) and the injectivity radius estimates of [CLY] and the uniform convergence of ^1(g k ) 
to (7oo on every compact subset of M x (— a, 0] as k — > 00, one can apply the parabolic 
Schauder estimates of [LSU] to conclude that for any R > 1 and —a < £1 < t 2 < 
{$^(-u/ c )}^ 1 are uniformly bounded in C 2 ' /3 (Sfl(x 0O ) x [t l5 t 2 ]) for some [5 G (0, 1). 
Case 2: n = 2 

By considering M = M x S 2 and using an argument similar to the proof of Theorem 1.4 
and case 1 one can also conclude that when n — 2, for any i? > 1 and —a < t\ < t 2 < 
{^l(u k )} k % 1 are uniformly bounded in C 2 ' /3 (Sfl(x 0O ) x [t l5 t 2 ]) for some [5 G (0, 1). 

Hence by case 1 and case 2, the Ascoli Theorem and a diagonalization argument 
{$£ (wfcjj^i has a subsequence which we may assume without loss of generality to be 
the sequence {$£ (u ki )} ( ^ 1 itself that converges uniformly on every compact subset of 
M x (—a, 0) to a solution -u of the conjugate heat equation of (M, g^) in M x (—a, 0) as 
z — > 00. 

By (2.1), (2.6), (2.7), and an argument similar to the proof of Theorem 5.1 and (5.2) 
of [CTY], there exist constants C > and D > such that 



u k (x,t) < -^e ^ \/x <E B k (x k ,R),-a <t <0,k> k' 3 



V k {B k (x k ,Vt)) 

=>• «(#, t) < -— — — - — e — d^I Vx G M, -a < t < as k = ki — >■ 00. 

y(S^(x^)) (215) 

Let -0 G Cq°(M). Then supp-i/> C -Br^^oo) for some constant i?i > 0. Choose £4 > k' 3 
such that Bn 1 (x 00 ) C E/fc for all /c > k' 4 . Let 

^)=w) ( x)=f* ( *' lw) f:;* 

Then Vfc e C °°(M fc ) for all fc > A; 4 and Vfcfcfc) = V^Vfe)) = Vfcoo)- Let £1 G (-«,0). 
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Then by (0.1), (2.2) and (2.5), V*i < t < 0, k > k' 4 , 



M 



$l(u k )ij dV nigk{t)) -ip{x c 



u k ip k dV k -ip k (xk 
f ' 'du k 



i^k 



JM k 
t 



dt 



-R gk{t) u k dV k dt 



ijj k A k u k dV k dt 



JM k 

t 



'0 JM k 

<max |Afc-0fc 
<\t\ 



u k A k if; k dV k dt 

u k dV k f )\t 

*fc(5fe(* 



max I A 



-B fll (a;oo)x[ti,0] 



(2.16) 



Letting /c — > oo in (2.16), 



-u-0(iy(t) — ^{x c 



< t 



max 



M 

lim / uipdV{i) = ip(x c 



B Rl (xoo)x[ti,0] 

as t — > 0. 



^oo(t) 



Vti < t < 



Hence u satisfies (2.3) in M x (—a, 0) and (2.4) holds. By (2.15) and Theorem 1.6 u is the 
unique minimal fundamental solution of the conjugate heat equation (2.3) in M x (—a, 0) 
which satisfies (2.4). Since the sequence {ki\ ( *L 1 is arbitrary, Q* k {u k ) converges uniformly 
on every compact subset of M x (— a, 0) to the minimal fundamental solution of the 
conjugate heat equation of (M^g^) in M x (— a, 0) which satisfies (2.4) as k — » oo and 
the theorem follows. 
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